Machining optimization algorithms in end-milling with helical cutters require an efficient and accurate model of the uncut chip thickness (UCT) at every location along the cutting flutes. Past work has either ignored the effects of tool tilt and orientation or treated them with simple assumptions about their coupling with tool shape. The current paper treats the problem with considerably greater generality using an arc-length parameterization of the axis-symmetric tool profile. Each discrete tool move was considered a 3-axis motion. Ignoring tool run-out, UCT was calculated in the direction of direct correspondence to local oblique cutting geometry, i.e., perpendicular to the local cutting edge and cutting velocity. The flute curves were intersected with the engagement contour corresponding to the instantaneous tool-work contact and the UCT inspected within. For a candidate taper ball end mill, the UCT results of the new model were compared with the standard Martellotti model. The new model agrees closely with the Martellotti model in the flank region and predicts a more realistic variation in the ball region.
Introduction
Machining optimization has increasingly become an important tool for manufacturing engineers to reduce cycle time, control capital and overhead costs and drive higher product quality. Performed within a virtual machining simulation environment (VMSE), predominantly for end milling, feed-rates are scheduled to remove redundancy of slow motions in lighter portions and increasing safety against cutter breakage in heavier portions of cuts in a toolpath. Machining optimization is best done at the toolpath design stage so that the optimized toolpath can be run on any machine chosen to make the part. Therefore, considerations such as tool run-out, chatter stability etc. are of secondary importance. At this stage, tool designs can also be revised based on physical and geometrical quantities calculated from models of the machining process working within the VMSE. Later on, the same physical models can aid in machine selection or fixture design.
The primary geometrical parameter governing the physical modeling of forces, moments, power etc. in end milling is the local uncut chip thickness (UCT). The maximum UCT deduced from the local UCT everywhere on all the flutes in a given move is indicative of whether the tool may chip and is related to part quality factors such as surface finish. Therefore, it is customary in machining optimization to set two limits; maximum force, power etc. and maximum UCT. Therefore, both the objectives necessitate a very accurate model for the local UCT.
Oblique cutting, a fundamental building block, needs to be carefully considered to model UCT and forces in helical end mills. Understanding the thin shear plane model in oblique cutting is possible through the interactive application in Kountanya (2014) , a snapshot of which is shown in Figure 1 . Knowing the local UCT and using mechanistic force models the differential force components along the normal and shear directions can be computed, which summed up, deliver the global force components and moments.
Oblique cutting geometry has been employed for helical end mills mainly by using distance along the axis of the cutter as the independent variable, for example, in Altintas (2001a) (2001b) . This is equivalent to dividing the total tool into pieces of equal thickness along the tool axis. Then, the traditional Martellotti (1941) approximation of a circular tooth trajectory is used to calculate the UCT. While this approach is appealing and simple, sharp gradients in the cutter profile are not adequately resolved. For example, in flank milling applications with a taper ball end mill, the cutter engagement is predominantly in a zone with a constant shallow gradient. However, while cutting in the spherical ball portion of the cutter as in mold-milling applications, the gradient is essentially unbounded while approaching the tool tip.
The paper by Lazoglu (2003) presents data of an actual cutting edge profile collected with a CMM. Here, the tooth engagement was controlled through a switching function. This method, though simple in logic, may not allow arbitrary resolution of geometrical and physical quantities. The paper by Wu et. al. (2014) also takes the approach of uniform axial discretization. Liang and Yao (2011) the "hemisphere paths" and "sine product" assumption introduce errors when cuts are confined to a small region of the ball portion of the cutter. In particular, the deviation from circular motion to a more trochoidal motion becomes more pronounced. The algebraic calculations they present are rather complex.
The model of the helical end mill in this paper addresses these issues taking a new approach. The endgoal was an exact correspondence of local cutting geometry at every location of a helical flute with the general 2-D oblique cutting geometry of Figure 1 . The local UCT is obtained by inference. The key departure from cited literature here is an arc-length parameterization (ALP) of the rotational profile of the flute-less outer surface of revolution of the axis-symmetric tool body, not the distance along tool axis. Not only is ALP appealing from a classical differential geometry standpoint, the resulting UCT variation can be obtained to an arbitrary precision uniformly without preference to the zone of contact lying in the ball or flank portions. The individual flutes of the cutter can be constructed as curves lying on this surface of revolution with the same ALP. The second departure lies in the consideration of the instantaneous tool-work engagement; it is prescribed as an "engagement" contour on the surface of revolution. This contour is the boundary curve of the surface patch shared by the tool and workpiece at the completion of a discrete tool motion step. If the flute curves can be intersected with the engagement contour and oblique cutting employed for the fine discretization of the ALP, even minute contributions to the cutting process of each flute can be computed.
The focus of this paper is only the variation of UCT using the new ALP approach. Calculations are demonstrated on a taper ball end mill without run-out. For comparison and validation, the Martellotti (1941) approximation will be shown to be inadequate in the ball region of the tool. Looking forward, for machining force modeling and optimization, contributions to the force, torque, power etc., can be summed by moving specifically along only the portions of cutter flutes engaged. These portions can be in multiple areas and in multiple scales without bias to any particular region of the cutter.
Methodology
In most virtual machining environments, the tool motion is monitored as a "cut-record" for each CL_step (Cutter Location step) reporting the spatial-temporal state of the tool. Since the tool is simulated only as a solid of revolution owing to the relatively large rotational speed of the tool, the graphical information of the tool-workpiece contact does not involve or depend on the flute structure of the tool. With the engagement of the cutter with the workpiece available as a contour on the surface of revolution and the flute-curves added to the flute-less surface in a virtual sense, segments corresponding to the intersections of the flute curves with this contour are determined. In the oblique cutting model shown in Figure 1 , the direction of uncut chip thickness measurement is perpendicular to both the cutting edge and cutting velocity. This principle is employed to every location along each of the flute curves.
Mathematical formalism for tool shape
The solid flute-less tool surface is obtained by the revolution of the profile in Figure 2(a) , where the normalized arc-length parameter is defined as . Consider the cylindrical polar coordinate system shown in Figure 2 (b) attached to the solid flute-less tool surface, for a candidate taper ball end mill with flutes. Flutes are equally spaced and numbered , increasing in the direction of rotation of cutter indexed by an angle (Figure 2(c) ), for a right-handed ( ) and for a left-handed ( ) cutter. In the following, vectors are given bold letters.
A 3-axis move is a rigid body translation of the flute-less tool body along the vector bearing the angle with the tool axis. Tool tilt is positive for a tool leading in the direction of tip motion. The instantaneous tool tilt can be deduced from cut record giving the starting and ending tool-tip location and tool-axis vectors relative to the work coordinate system. In addition to the rigid body translation, the fluted tool is simultaneously rotating with angular velocity ; note that is negative for a tool. The tool polar coordinate system chosen for analysis fixed to the flute-less tool body is defined as follows. At the instant , the -axis is aligned with the cutter axis, the -axis is chosen perpendicular to -axis and coplanar with vector . -axis is chosen to make the form a coordinate system (Figure 2(b) ). With this cylindrical polar coordinate system, let the flute-less tool body surface be given by the vector function in equation (1).
Here and define the cutter profile as shown in Figure 2 (a). The variable is the azimuthal coordinate relative to the -axis. Though equation (1) allows extremely general tool shapes, only those for which and for are allowed; this restriction is still suitable for most tool shapes seen in the field. If is specified as a suitable function of , one obtains a flute curve lying on the tool surface at . . Sometimes, the tool executes only a few rotations while moving from one location to the next. Therefore, it becomes important to allow for an arbitrary base tool orientation (Figure 2(c) ) of the flutes in the range (or ) relative to the -axis. The helix angle is denoted by , defined to be positive for a RH tool and negative for a LH tool. The "static" lag angle to produce a local helix angle everywhere on the flutes is given by (Figure 2(c) ) (Kountanya & Guo, 2014) 
Note that is a monotonic function of due to the restrictions on and . Variable helix angle can be allowed through an alternative formulation for . With the rotational and translational motions of the flutes considered; , , and can be combined in the "dynamic lag" angle function given in equation (3).
Then the position of every point on a given flute of the cutter at an instant either before or after in this polar coordinate system can be given by in equation (4). Here .
At , the vector locally tangent to the flute at any point on it is given by given by equation (5). This vector combines the effects of the cutter gradient and the static lag angle.
Likewise, at , the local velocity vector of the chip relative to a given point on the flute is given by given by equation (6). Note that this velocity vector combines the rotation and feed-motion of the tool, therefore is valid even when the tool is moving in a fashion resembling a drilling action.
Local oblique cutting correspondence
Figure 3(a) and (b) show the vectors , and , perpendicular to the previous two for a LH and RH tool respectively in the tool polar coordinate system. As shown in Figure 3(c) , at , for a given point on the th flute, the closest point in the direction of needs to be picked on the complex 3-D surface generated by the motion of the preceding th flute (the flute preceding the th flute is defined to be the 1 st flute) to measure the uncut chip thickness. This principle is referred to as local oblique cutting correspondence hereafter. Stated mathematically, for the given point , we seek the point as the solution to the 2 equations (7).
Then the signed local UCT is the distance from to in the direction of (Figure 3(c) ) is given by equation (8). Note that by equations (7).
Dropping the functionality of and , using the over-bar for the quantities of the preceding th flute, writing , and and upon substitution of terms, equations (7) yield equations (9) and (10) solved by iterative root-finding. More details on this aspect will be presented in section 2.3.
The Martellotti model resolves the feed of the tool in a plane perpendicular to the tool axis and approximates the motion of every point on the flute to a circle ignoring the phase lag introduced between successive teeth due to the feed component along the tool axis. The UCT from the Martelloti model with the current notation is given by equation (11).
Under this formulation, both and can be positive or negative depending upon whether the surface swept by the previous flute leads or lags the current point locally. Negative values are hypothetical; they are not realized physically. They are explicitly allowed here to study the functions and . The tool tip ( ) is a point common to all the flutes at any . Therefore, is a candidate solution to equations (7) for . Hence, taking the solution for from equations (7) to exist uniquely for all (without a rigorous proof), it is clear that but . This is a consequence of idealization of helical flutes; in actual milling cutters, not all flutes intersect at the tool tip. Also, end-milling toolpaths are normally designed to cut away from the tool tip. Though a 3-axis motion approximation to a full 5-axis motion is normally adequate, a rare exception is the tool rotating about the tool-tip itself, when is ill-defined. In tool-path planning practice, this is also usually avoided.
Solution using Newton's method
Equations (9) and (10) for and are nonlinear and tightly coupled. The goal was to iteratively find the closest point on the surface produced by the preceding th flute. The intrinsic starting point was used. The results reported here were obtained with Mathematica ® using built-in root-finding routines. The formulation was also implemented in C++ to integrate it with the VMSE so that experimental verification with measured forces in a complex milling toolpath is possible. Since root-finding was not natively available in C++, a globally convergent solution scheme using Newton's method with Armijo-backtracking line-search (Nocedal & Wright, 1999) was used.
With the solution at the end of an iteration, the next solution was found using Equation (12). Here, the abbreviated notation , , etc. has been used. The various derivatives required were obtained symbolically beforehand. Here is the smallest integer so that with the same notation.
Flutes crossings of engagement contour
The engagement contour is a curve lying on the flute-less tool surface representing the boundary of instantaneous contact between the tool and workpiece. It is the same for all values of tool orientation because the tool was modeled only as a surface of revolution in the VMSE. Generally, the contour may consist of several sub contours disjoint or may even be multiply connected. To obtain the fragments of the flute-curves actually involved in cutting, the intersection of the individual flutes with this contour was also solved. The full details of this process are not presented here. In brief, the former involved identification of components and their boundaries in a binary image of the projection of the tool-work contact onto a plane perpendicular to . The binary map processing algorithms are elaborated in Kountanya (2015) ; a snapshot shown in Figure 4 . The boundaries identified in the binary image were positioned and scaled to linear dimensions and mapped onto the tool surface to obtain for the boundary points using the tool surface formulation and tool tilt .
The intersection of the flutes with the boundary contour is finally solved through a coordinate transformation on , order in the sequence of boundary points and a linear interpolation in-between successive points, taking advantage of the monotonicity of . An example is shown in Figure 5 showing the engagement contour with and without the flutes and flute- 
Results and Discussions
To illustrate, a taper ball end mill of 2 deg taper, ball radius of 1.524 mm was employed in 5-axis milling of an impeller in the VMSE and the results shown. The tool has 4 flutes, helix angle of 36 deg and is rotating at 3000 RPM. The coloring scheme for the 4 flute curves is kept uniform for all the figures and plots. The feed rate of the tool tip is fixed at 254 mm/min. The moves are typically about 0.254 mm apart at the tool tip; therefore the tool executes ~3 rotations for every move. For all the moves of the cutter, the geometrical data pertaining to the tool-work engagement, the location of the tool tip and unit vector along the tool axis were made available by the VMSE. The data was then brought into Mathematica ® and for input , the flute crossings calculated and intervals of of engagement for each of the flutes deduced.
For the complete range of , Figure 6 (a) and (b) show examples of and for the 4 flutes. It must be recalled that negative values are hypothetical; they are not realized physically. For the current model , for positive in Figure 6 (a), where the approach is gradual. For negative in Figure 6 (b), the approach is more rapid near the tool tip and marked by . In contrast, for the Martellotti approximation . It is insensitive to the local radius and global tilt of the tool. Thus, it can be argued that the current model is geometrically more realistic in the ball-region of the cutter than the standard Martellotti approximation. Figure 7 and Figure 8 shows examples of flutes, engagement contour (shown by a black line) and flute-crossings (shown as white dots) on the left and corresponding plots comparing and to the right. In the plots, the lower axis is uniformly scaled for while the upper axis has markers for various values to aid in tracking the curves in both the non-dimensional scale and along the -axis. The solid lines correspond to and dashed to . A dotted line demarcating the ball and flank portions of the cutter is shown for reference and values of and are given.
For all three examples in Figure 7 (a), (b) and (c), the agreement of and in the flank of the tool is very good. In the ball region, and depart from each other significantly, however both are positive. In particular, Figure 7 (a) shows an example of a cut where the tool is cutting in a slotting mode engaging both the flank and ball portions of the cutter. The discrepancy in the ball region of flute 1 (Green) is very evident. Given the (Figure 6 ), it can however be seen in Figure 7 (b) that for flutes 1(Green) and 2(Blue) when . The implication is that cannot be used as a conservative upper bound of for force calculations. Thus, the base orientation angle needs to be carefully considered to track variation in both UCT and fragments of a flute engaged in cutting. This notion has an important bearing on force modeling downstream. The modeling presented facilitates estimation of quasi-static variation of machining forces, moments, torque, power, chatter stability etc. As stated before, there was no bias to any one region of the cutter in the new UCT model making it particularly suitable in complex mold-milling applications. Due to the more accurate modeling of UCT, both forces and surface finish predicted with the formalism here will allow greater benefit from optimization, where both over-estimation and under-estimation of UCT and forces have unintended adverse consequences. Over-estimation reduces the cycle-time gains from optimization and under-estimation increases the risk of cutter breakage. 
Conclusions
A new model for the calculation of the uncut chip thickness (UCT) in the generalized 3-axis motion of a cutter with an arbitrarily specified rotational profile is proposed. The flutes of the tool were traversed rather than the axis and only segments of intersection with the engagement contour on the solid flute-less tool considered. UCT was modeled after local correspondence with oblique cutting geometry was established. The resulting UCT results were compared against the standard Martellotti model results. For a standard taper ball end-mill, the agreement between the two was very good in regions of shallow gradients of the tool, namely the flank region. However, there were significant differences in the spherical ball portion. The current model predicts convergence of UCT to 0 for all flutes at the tool tip contrary to the Martellotti model. Details on the integration of this new UCT model into a virtual machining simulation environment was also presented. Continuing/Future work will focus on modeling of runout, variable pitch and 5-axis motions including rotation about the tool tip.
